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regular semisimple elements is an integral polynomial in q, while
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1. Introduction
Let GL(n,q) be the ﬁnite general linear group consisting of n × n invertible matrices with entries
from the ﬁeld Fq . Fleischmann et al. [4] studied the number of regular semisimple classes of Gn(q)
for n 2, where
Gn(q) =
{
GL(n,q) if  = 1,
Un(q) if  = −1,
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topological notions as connectedness of groups. If Reg(Gn(q)) denotes the number of regular semisim-
ple classes of Gn(q), then Theorem 1.1 of [4] reads
Reg
(
Gn(q)
)= (q − )qn+1 − qn + (−1)n+1[n/2](q − n)
q2 −  . (1)
In this paper we use combinatorics to count the number of regular semisimple classes of GL(n,q) (see
Proposition 5 and Corollary 6). In our main result (Theorem 10) we give the total number of regular
semisimple elements of GL(n,q). Moreover, in Theorem 14 we calculate the orders of these elements.
One of the main results of this paper concerns with the number of the primary classes of GL(n,q).
This number is determined in Proposition 11.
We start by reviewing the conjugacy classes of GL(n,q) as described in Bump [2] and Green [5].
Let f (t) =∑di=0 aiti ∈ Fq[t], ad = 1. The d × d companion matrix U ( f ) = U1( f ) of f (t) is
U1( f ) =
⎛
⎜⎜⎜⎜⎜⎝
0 1 0 · · · 0
0 0 1 · · · 0
· · · · · · · · · . . . ...
...
...
...
. . . 1
−a0 −a1 −a2 · · · −ad−1
⎞
⎟⎟⎟⎟⎟⎠ .
For any m ∈ N, the Jordan block Um( f ) is the md ×md matrix
Um( f ) =
⎛
⎜⎜⎜⎜⎜⎝
U1( f ) Id 0 · · · 0
0 U1( f ) Id · · · 0
· · · · · · · · · . . . ...
...
...
...
. . . Id
0 0 0 · · · U1( f )
⎞
⎟⎟⎟⎟⎟⎠ .
A composition λ = (λ1, λ2, . . . , λk) of a positive integer n is any sequence of non-negative integers
λ1, λ2, . . . , λk such that
∑k
i=1 λi = n. A partition λ = (λ1, λ2, . . . , λk) of n, denoted by λ  n, is a com-
position of n, which satisﬁes λi  λi+1, ∀1 i  k−1 (see Section 5.1 of Basheer [1] for more details).
Now if λ = (λ1, λ2, . . . , λk)  n, then Uλ( f ) is deﬁned to be Uλ( f ) =⊕ki=1 Uλi ( f ). The direct sum of
Jordan blocks is called the Jordan Canonical Form. Next we set
Fn =
{
f ∈ Fq[t]
∣∣ ∂ f  n, f is irreducible over Fq, f (t) = t}. (2)
Theorem 1 (The Jordan Canonical Form). Let A ∈ GL(n,q) with characteristic polynomial f A = ∏ki=1 f zii ,
where fi ∈ Fn, 1  i  k and zi is the multiplicity of f i in this decomposition. Then A is conjugate to a
matrix of the form
⊕k
i=1 Uνi ( f i), where νi  zi .
Proof. See Rotman [7]. 
From the Jordan Canonical Form we deduce that a conjugacy class of GL(n,q) is determined by a
sequence { f i}ki=1 such that f i ∈ Fn and ∂ f i = di , ∀i; together with a sequence of partitions {νi}ki=1,
where νi  zi , ∀i and {zi}ki=1 is a sequence of positive integers such that
∑k
i=1 zidi = n. Therefore any
conjugacy class c of GL(n,q) is presented by the data of sequences ({ f i}, {di}, {zi}, {νi}). The integer k
is called the length of the data.
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eterize the same conjugacy class iff k = k′ and there exists σ ∈ Sk such that
wi = zσ (i), ei = dσ (i), μi = νσ(i) and gi = fσ (i), ∀i.
Hence A is conjugate uniquely (up to ordering of Jordan blocks) to a Jordan Canonical Form.
On the other hand, two conjugacy classes of GL(n,q) parameterized by the above data, are said to
be of the same type iff k = k′ and there exists σ ∈ Sk such that
wi = zσ (i), ei = dσ (i) and μi = νσ(i) (gi and f i are allowed to differ).
Therefore the conjugacy classes of GL(n,q) fall within several types.
Deﬁnition 1.
(i) A class c = ({ f i}, {di}, {zi}, {νi}) is called a regular semisimple class if and only if zi = 1,
∀1 i  k.
(ii) A class c = ({ f i}, {di}, {zi}, {νi}) is called a primary class if and only if k = 1.
Corollary 2. A conjugacy class c of GL(n,q) is regular semisimple iff all the eigenvalues of g ∈ c are distinct.
Proof. Trivial. 
Next we give the sizes of classes of GL(n,q). For any r ∈ N, let φr(t) =∏ri=1(1 − tr) and for λ =
(λ1, λ2, . . . , λk)  n, set φλ(t) =∏ki=1 φλi (t). If λ′ is the conjugate partition of λ, then we deﬁne the
non-negative integer n(λ) by n(λ) =∑l(λ′)i=1 (λ′i2 ), where λ′i , i  1, are the parts of λ′ , and l(λ′) is the
number of parts of λ′ . Now if A ∈ c = ({ f i}, {di}, {zi}, {νi}), then Green [5] showed that
∣∣CGL(n,q)(A)∣∣= k∏
i=1
qdi(zi+2n(νi))φνi
(
q−di
)
. (3)
It follows that
|CA | =
(
n−1∏
s=0
(
qn − qs)
)
/
k∏
i=1
qdi(zi+2n(νi))φνi
(
q−di
)
. (4)
2. Number of regular semisimple elements of GL(n,q)
Here we count the numbers of the regular semisimple elements and primary classes of GL(n,q).
Our method on counting the number of the regular semisimple elements relies on
• calculating the number of regular semisimple types,
• calculating the number of classes contained in each of the regular semisimple types,
• calculating the number of elements contained in each of the regular semisimple classes.
Proposition 3. There is a 1–1 correspondence between the types of classes of regular semisimple elements of
GL(n,q) and partitions of n.
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i=1 zidi = n. We know that any regular semisimple class c1 has the form c1 = ({ f i}, {di}, {1}k times,
{1}k times). Therefore we have ∑ki=1 di = n, that is (d1,d2, . . . ,dk)  n. If c2 = ({ f ′i }, {d′i}, {1}k times,{1}k times) is any other regular semisimple class of same type of c1, then d′i = dσ(i) , for some σ ∈ Sk .
Thus c1 and c2 determine different compositions of n, but the same partition. Hence any type of reg-
ular semisimple classes determines a partition of n. Conversely, any partition λ = (λ1, λ2, . . . , λk)  n
deﬁnes a type of regular semisimple classes, where a typical class c will have the form c =
({ f i}, {λi}, {1}k times, {1}k times), 1  i  k. This is true since for any positive integer λi , there exists
an irreducible polynomial over Fq of degree λi . Hence types of regular semisimple classes are in
one-to-one correspondence with the partitions of n as claimed. 
It turns out that we may denote any type of regular semisimple classes of GL(n,q) by T λ and a
typical class by cλ without any ambiguity.
To count the number of regular semisimple conjugacy classes contained in each type T λ , λ  n, we
put into our consideration the repetition of the parts of λ. Therefore if we let ri be the multiplicity of
the integer i, then we can write λ in the exponential form λ = 1r12r2 · · ·nrn , where ri ∈ N ∪ {0}. First
we prove the following known lemma.
Lemma 4. Let f (t) =∑mi=0 aiti ∈ Fq[t], am = 1. If α is a root of f , then αq,αq2 , . . . ,αqm−1 are the other
roots.
Proof. Well-known result. For example see Theorem 2.14 of Lidl and Niederreiter [6]. 
By a result of Gauss (see Lidl and Niederreiter [6]) we know that the number of irreducible polyno-
mials of degree i over the ﬁeld Fq is given by Ii(q) = 1i
∑
d|i μ(d)q
i
d , where μ is the Möbuis function.
This number is the key to calculating the number of regular semisimple classes of GL(n,q).
Proposition 5. The number of regular semisimple classes of type λ, which we denote by F (λ), is given by
F (λ) =
(
n∏
i=1
ri−1∏
s=0
(
Ii(q) − s
))
/
(
n∏
i=1
ri !
)
,
where if ri − 1 < 0, then the term∏ri−1s=0 (Ii(q) − s) is neglected.
Proof. Let f (t) be an irreducible polynomial of degree i over Fq . We know that there exist Ii(q) =
1
i
∑
d|i μ(d)q
i
d such polynomials. Now let α1 be a root of f (t). It follows by Lemma 4 that the other
roots of f (t) are αq1,α
q2
1 , . . . ,α
qi−1
1 . Thus if we choose α1 as an eigenvalue of a representative of a
regular semisimple class, then α1 together with the former set of powers of α1 form a complete set
of eigenvalues of the Jordan block of size i. Since each 1 i  n appears ri times in the partition λ, it
follows that we can choose α1 in Ii(q) ways, α2 in Ii(q) − 1 ways, and so forth till the αri , which we
can choose in Ii(q) − (ri − 1) ways. We recall that a conjugacy class is unaltered by the arrangement
of the eigenvalues in the Jordan block. Thus we divide by the number of all possible arrangements,
which is ri !. Repeating this for all 1 i  n, we get the required number mentioned in the statement
of the proposition. 
Corollary 6. The number of regular semisimple classes of GL(n,q) is given by
∑
λn F (λ).
Proof. Follows from Propositions 3 and 5. 
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Reg(G1n(q)). We can see that
∑
λn F (λ) = Reg(G1n(q)).
For any positive integer n, two partitions namely, (1,1, . . . ,1)︸ ︷︷ ︸
n times
 n and (n)  n are of particular
interest.
Corollary 7.With q > n, then corresponding to the partitions λ = (1,1, . . . ,1)︸ ︷︷ ︸
n times
 n and σ = (n)  n, we have
F (λ) = (q−1)(q−2)···(q−n)n! and F (σ ) = 1n
∑
d|n μ(d)q
n
d .
Proof. Immediate from Proposition 5. 
Finally we count the number of regular semisimple elements contained in class cλ .
Proposition 8. Let cλ be a regular semisimple class, where λ = (λ1, λ2, . . . , λk)  n. Then
∣∣cλ∣∣=
(
n−1∏
s=0
(
qn − qs)
)
/
(
k∏
i=1
(
qλi − 1)
)
. (5)
Proof. Let g ∈ cλ = ({ f i}, {λi}, {1}k times, {1}k times). Since νi = 1, ∀1 i  k, we obtain by substituting
in Eq. (3) that
∣∣CGL(n,q)(g)∣∣= k∏
i=1
qλiφ1
(
q−λi
)= k∏
i=1
qλi
(
qλi − 1
qλi
)
=
k∏
i=1
(
qλi − 1).
The result follows by Eq. (4). 
Corollary 9. Corresponding to λ = (1,1, . . . ,1)︸ ︷︷ ︸
n times
 n and σ = (n)  n, we have |cλ| = q n(n−1)2 ∏n−1i=1 ∑ij=0 q j
and |cσ | = q n(n−1)2 ∏n−1i=1 (qi − 1).
Proof. Direct from Proposition 8. 
Now we give the main theorem of this subsection which counts the number of regular semisimple
elements of GL(n,q).
Theorem 10. With λ = (λ1, λ2, . . . , λk) ≡ 1r12r2 · · ·nrn for ri ∈ N ∪ {0}, the number of regular semisimple
elements of GL(n,q) is given by
∑
λn
∏n−1
s=0 (qn − qs)
∏n
i=1
∏ri−1
s=0 (Ii(q) − s)∏k
i=1(qλi − 1)
∏n
i=1 ri !
. (6)
Proof. Direct result from Propositions 3 and 5, together with Eq. (5). 
Example 1. Let us consider the regular semisimple classes of type T (2,2) of GL(4,q). Each class c(2,2)
will have the form c(2,2) = ({ f1, f2}, {2,2}, {1,1}, {1,1}) where f1, f2 ∈ F4 and f1 = f2. To count the
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form 22, that is r1 = r3 = r4 = 0 and r2 = 2. Therefore
F
(
22
)= ∏4i=1∏ri−1s=0 (Ii(q) − s)∏n
i=1 ri !
=
∏1
s=0(I2(q) − s)
0!2!0!0!
= I2(q)(I2(q) − 1)
2
= 1
2
q2 − q
2
q2 − q − 2
2
= q(q
2 − 1)(q − 2)
8
.
Now applying Eq. (5) to any class of this type, we get
∣∣c(2,2)∣∣= ∏3s=0(q4 − qs)∏2
i=1(qλi − 1)
= (q
4 − 1)(q4 − q)(q4 − q2)(q4 − q3)
(q2 − 1)(q2 − 1)
= q6(q − 1)(q2 + 1)(q3 − 1).
Hence we obtain
q6(q − 1)(q2 + 1)(q3 − 1)q(q2 − 1)(q − 2)
8
= q
7(q4 − 1)(q3 − 1)(q − 1)(q − 2)
8
regular semisimple elements of type (2,2). Repeating the above work for the other four partitions
of 4, we get for GL(4,q), a total number of regular semisimple elements given by
q16 − 2q15 + q13 + q12 − 2q10 − q9 − q8 + 2q7 + q6.
For example the group GL(4,5), which is of order 116,064,000,000 has 9,299,587,000 regular semisim-
ple elements.
In Appendix A we list the number of types, conjugacy classes, elements in each conjugacy class of
regular semisimple elements of GL(n,q) for n = 1,2,3,4,5,6.
Recall from Deﬁnition 1(ii) that a class c = ({ f i}, {di}, {zi}, {νi}) of GL(n,q) with length k is called
primary if and only if k = 1. The next proposition counts the number of primary classes of GL(n,q).
Proposition 11. The number of primary classes of GL(n,q) is given by
∑
d|n
∣∣∣∣P
(
n
d
)∣∣∣∣ · Id(q). (7)
Proof. By deﬁnition a conjugacy class c of GL(n,q) is primary if and only if c = ( f ,d, nd , ν) for some
f ∈ Fn with degree d, d|n, and ν  nd . For ﬁxed d and any ν  nd we have Id(q) irreducible poly-
nomials f of degree d, that deﬁnes a primary class. It follows that there are |P(nd )| · Id(q) conjugacy
classes deﬁned by the ﬁxed integer d and partitions of nd . The result follows by letting d runs over all
divisors of n. 
In Table 1 we list the number of primary classes pc(n,q) of GL(n,q), n = 1,2,3,4,5,6.
Corollary 12. There are exactly In(q) =∑d|n μ(d)q nd primary regular semisimple classes of GL(n,q).
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Number of primary classes of GL(n,q), n =
1,2,3,4,5,6.
n pc(n,q)
1 (q − 1)
2 (q2 + 3q − 4)/2
3 (q3 + 8q − 9)/3
4 (q4 + 3q2 + 16q − 20)/4
5 (q5 + 34q − 35)/5
6 (q6 + 3q3 + 8q2 + 54q − 66)/6
Proof. A class c of GL(n,q) is primary and regular semisimple if and only if c = ( f ,n,1,1) for some
f ∈ Fn with degree n. It follows by Proposition 3 that c is a regular semisimple class of type λ =
(n)  n. Hence by Corollary 7 we have F ((n)) = In(q) =∑d|n μ(d)q nd . In particular if n = p′ is a prime
integer (whether p′ = p, the characteristic of Fq or not), then there are I p′ (q) = qp
′−q
p′ primary regular
semisimple classes of GL(p′,q). Moreover, by Corollary 9, we get [q p
′2−p′+2
2 (qp
′ − 1)2∏p′−2i=1 (qi − 1)]/p′
primary regular semisimple elements of GL(p′,q). 
Corollary 13. The group GL(p′,q) has exactly (qp′ + (p′|P(p′)| − 1)q − p′|P(p′)|)/p′ primary conjugacy
classes.
Proof. From Proposition 11 the number of primary conjugacy classes of GL(p′,q) is given by∑
d|p′ |P( p
′
d )| · Id(q). We have d ∈ {1, p′}. If d = 1, then there are |P(p′)| types of primary classes
each consists of q − 1 conjugacy classes. On the other hand if d = p′ , then c = ( f , p′,1,1) for some
f ∈ Fn and deg( f ) = p′ . Therefore by Corollary 12 we have F ((p′)) = qp
′ −q
p′ . It follows that there are
(q − 1)|P(p′)| + qp
′−q
p′ = (qp
′ + (p′|P(p′)| − 1)q − p′|P(p′)|)/p′ primary classes of GL(p′,q). 
3. Orders of regular semisimple elements of GL(n,q)
Suppose that g is a regular semisimple element of GL(n,q) in a conjugacy class cλ , where
λ = (λ1, λ2, . . . , λk)  n. Assume that F∗qλi = 〈εi〉, ∀1 i  k and for each group F∗qλi , we ﬁx one gener-
ator εi , that is if λ j = λi , for some j and i, then we identify ε j with εi . It follows that the eigenvalues
of g are
ε
j1
1 , ε
j1q
1 , . . . , ε
j1qλ1−1
1 ; ε j22 , ε j2q2 , . . . , ε j2q
λ2−1
2 ; . . . ; ε jkk , ε jkqk , . . . , ε jkq
λk−1
k (8)
for some integers j1, j2, . . . , jk .
Theorem 14.With the above, the order of g is given by
o(g) = lcm
(
qλ1 − 1
gcd( j1,qλ1 − 1) ,
qλ1 − 1
gcd( j1q,qλ1 − 1) , . . . ,
qλ1 − 1
gcd( j1qλ1−1,qλ1 − 1) ,
qλ2 − 1
gcd( j2,qλ2 − 1) ,
qλ2 − 1
gcd( j2q,qλ2 − 1) , . . . ,
qλ2 − 1
gcd( j2qλ2−1,qλ2 − 1) ,
...
qλk − 1
gcd( jk,qλk − 1) ,
qλk − 1
gcd( jkq,qλk − 1) , . . . ,
qλk − 1
gcd( jkqλk−1,qλk − 1)
)
.
282 J. Moori, A. Basheer / Finite Fields and Their Applications 17 (2011) 275–285Proof. For 1  l  k, 0  r  λl − 1, let h denote the row of eigenvalues of g given by Eq. (8). Also
let t denote the row o(ε jlq
r
l ) for 1 l k, 0 r  λl − 1. We know that g ∼ D = diag(h). Assume that
o(g) = t . Then
gt ∼ Dt = (diag(h))t = diag(ht)= In ⇔ ε jlqrtl = 1, ∀1 l k, ∀0 r  λl − 1
⇔ o(ε jlqrl )∣∣t, ∀1 l k, ∀0 r  λl − 1
⇔ lcm(t)|t. (9)
Let o(ε jlq
r
l ) = tlr for each 1  l  k, 0  r  λl − 1 and let d = gcd(t). Now for each 1  m  k,
0 j  λm − 1 we have
lcm(t) =
∏
r,l tlr
d
= tmj
( ∏
(l,r) =(m, j)
tlr
d
)
.
Now
glcm(t) ∼ Dlcm(t) = diag((ε j11 )lcm(t), (ε j1q1 )lcm(t), . . . , (ε j1qλ1−11 )lcm(t)(
ε
j2
2
)lcm(t)
,
(
ε
j2q
2
)lcm(t)
, . . . ,
(
ε
j2qλ2−1
2
)lcm(t)
...(
ε
jk
k
)lcm(t)
,
(
ε
jkq
k
)lcm(t)
, . . . ,
(
ε
jkq
λk−1
k
)lcm(t))= In,
where lcm(t) in each diagonal entry (ε jmq
rλm−1
m )
lcm(t) is replaced by tmj(
∏
(l,r)=(m, j)
tlr
d ). This implies
that t|lcm(t), since o(g) = t . From Eq. (9) we have lcm(t)|t . Hence t = o(g) = lcm(t). Now the result
follows from elementary group theory, where we know that o(ε jlq
r
l ) = (qλl −1)/(gcd( jlqr,qλl −1)). 
As a corollary of Theorem 14 we show the existence of an element of GL(n,q) of order qn −1 (this
has been mentioned in Darafasheh [3] without proof).
Corollary 15. The group GL(n,q), n > 1 has at least q
n(n−1)
2
∏n−2
s=0 (qn−1 − qs) elements of order qn − 1 and at
least twice of the previous number if q is even.
Proof. Let g,h ∈ GL(n,q) such that {εn, εqn, . . . , εq
n−1
n } and {ε2n , ε2qn , . . . , ε2q
n−1
n } are the eigenvalues of
g and h respectively. It follows from Theorem 14 that
o(g) = lcm
(
qn − 1
gcd(1,qn − 1) ,
qn − 1
gcd(q,qn − 1) , . . . ,
qn − 1
gcd(qn−1,qn − 1)
)
= lcm(qn − 1,qn − 1, . . . ,qn − 1)= qn − 1.
If q is even, then qn − 1 is odd and hence gcd(2,qn − 1) = 1, which yields that gcd(2qm,qn − 1) = 1,
∀0 m  n − 1. Hence o(h) = qn − 1 by similar argument used for o(g). The result follows since all
conjugate elements have the same order. 
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No. of regular semisimple elements
q − 1
q4 − 2q3 + q
q9 − 2q8 + q6 + 2q5 − q4 − q3
q16 − 2q15 + q13 + q12 − 2q10
− q9 − q8 + 2q7 + q6
+ q + 1))
q25 − q24 + q22 + q19 + 2q16 + q15
+ q14 − q12 − 3q11 − q10
− 1)
(continued on next page)Table 2
Number of regular semisimple elements of GL(n,q), n = 1,2, . . . ,6, q > n.
n λ  n F (λ) |cλ|
1 (1) ≡ 11 q − 1 1
2 (1,1) ≡ 12 (q − 1)(q − 2)/2 q(q + 1)
(2) ≡ 21 q(q − 1)/2 q(q − 1)
3 (1,1,1) ≡ 13 (q − 1)(q − 2)(q − 3)/6 q3(q + 1)(q2 + q + 1)
(2,1) ≡ 1121 q(q − 1)2/2 q3(q − 1)(q2 + q + 1)
(3) ≡ 31 (q3 − q)/3 q3(q − 1)2(q + 1)
4 (1,1,1,1) ≡ 14 (q − 1)(q − 2)(q − 3)(q − 4)/24 q6(q + 1)2(q2 + 1)(q2 + q + 1)
(2,1,1) ≡ 1221 q(q − 1)2(q − 2)/4 q6(q2 + q + 1)(q4 − 1)
(2,2) ≡ 22 q(q2 − 1)(q − 2)/8 q6(q − 1)2(q2 + 1)(q2 + q + 1)
(3,1) ≡ 1131 q(q − 1)2(q + 1)/3 q6(q2 − 1)(q4 − 1)
(4) ≡ 41 (q4 − q2)/4 q6(q − 1)(q2 − 1)(q3 − 1)
5 (1,1,1,1,1) ≡ 15 ((q − 1)(q − 2)(q − 3) (q10(q + 1)2(q2 + 1)
× (q − 4)(q − 5)/120) × (q2 + q + 1)(q4 + q3 + q2
(2,1,1,1) ≡ 1321 q(q − 1)2(q − 2)(q − 3)/12 q10(q4 − 1)(q2 + q + 1)
× (q4 + q3 + q2 + q + 1)
(2,2,1) ≡ 1122 q(q − 1)2(q − 2)(q + 1)/8 q10(q2 + 1)(q3 − 1)(q5 − 1)
(3,1,1) ≡ 1231 q(q − 1)2(q + 1)(q − 2)/6 (q10(q2 − 1)2(q2 + 1)
× (q4 + q3 + q2 + q + 1))
(3,2) ≡ 2131 q2(q − 1)2(q + 1)/6 (q10(q − 1)3(q + 1)(q2 + 1)
× (q4 + q3 + q2 + q + 1))
(4,1) ≡ 1141 (q4 − q2)(q − 1)/4 q10(q2 − 1)(q3 − 1)(q5 − 1)
(5) ≡ 51 (q5 − q)/5 q10(q2 − 1)2(q2 + 1)(q − 1)(q3
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1)
2 + q + 1)
− q + 1)
2 + q + 1)
− q + 1)
2 + q + 1)
1)
2 + q + 1)
2 − q + 1) q36 − 2q35 + q33 + q31 + 2q29 − 2q28
+ q + 1) − 3q27 − 3q26 − 3q25 − 5q24 − 3q23
2 − q + 1) − 2q22 − q21 + 3q20 + 3q19
+ q + 1) + 4q18 + 4q17 + 4q16 + q15
+ q + 1)
1)
2 + q + 1)
)
2 + q + 1)
+ q + 1)Table 2 (continued)
n λ  n F (λ) |cλ|
6 (1,1,1,1,1,1) ≡ 16 ((q − 1)(q − 2)(q − 3) q15(q + 1)3(q2 + 1)(q2 − q +
× (q − 4)(q − 5)(q − 6)/720) × (q2 + q + 1)2(q4 + q3 + q
(2,1,1,1,1) ≡ 1421 q(q − 1)2(q − 2)(q − 3)(q − 4)/48 q15(q − 1)(q + 1)2(q2 + 1)(q2
× (q2 + q + 1)2(q4 + q3 + q
(2,2,1,1) ≡ 1222 q(q − 1)2(q − 2)2(q + 1)/16 q15(q − 1)2(q + 1)(q2 + 1)(q2
× (q2 + q + 1)2(q4 + q3 + q
(2,2,2) ≡ 23 (q2 − q)(q2 − q − 2)(q2 − q − 4)/48 q15(q − 1)3(q2 + 1)(q2 − q +
× (q2 + q + 1)2(q4 + q3 + q
(3,1,1,1) ≡ 3113 q(q − 1)2(q + 1)(q − 2)(q − 3)/18 q15(q − 1)2(q + 1)3(q2 + 1)(q
× (q2 + q + 1)(q4 + q3 + q2
(3,2,1) ≡ 112131 q2(q − 1)3(q + 1)/6 q15(q − 1)3(q + 1)2(q2 + 1)(q
× (q2 + q + 1)(q4 + q3 + q2
(3,3) ≡ 32 (q3 − q)(q3 − q − 3)/18 q15(q − 1)4(q + 1)3(q2 + 1)
× (q2 − q + 1)(q4 + q3 + q2
(4,1,1) ≡ 1241 q2(q − 1)2(q + 1)(q − 2)/8 q15(q − 1)3(q + 1)2(q2 − q +
× (q2 + q + 1)2(q4 + q3 + q
(4,2) ≡ 2141 q3(q − 1)2(q + 1)/8 q15(q − 1)4(q + 1)(q2 − q + 1
× (q2 + q + 1)2(q4 + q3 + q
(5,1) ≡ 1151 (q5 − q)(q − 1)/5 q15(q − 1)4(q + 1)3(q2 + 1)
× (q2 − q + 1)(q2 + q + 1)2
(6) ≡ 61 (q6 − q3 − q2 + q)/6 q15(q − 1)5(q + 1)2(q2 + 1)
× (q2 + q + 1)(q4 + q3 + q2
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Appendix A
With the assumption that q > n, we list the number of regular semisimple elements of GL(n,q) for
n = 1,2,3,4,5,6 in Table 2.
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